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Abstract: Using the algebraic curve approach we one- loop quantize the folded string 
solution for the type IIB superstring in AdS^ x S^. We obtain an explicit result valid 
for arbitrary values of its Lorentz spin S and R-charge J in terms of integrals of elliptic 
functions. Then we consider the limit S ~ J ~ 1 and derive the leading three coefficients 
of strong coupling expansion of short operators. Notably, our result evaluated for the 
anomalous dimension of the Konishi state gives 2A^/^— This reproduces correctly 



the values predicted numerically in arXiv : 0906 . 4240|. Furthermore we compare our result 



using some new numerical data from the Y-system for another similar state. We also 
revisited some of the large S computations using our methods. In particular, we derive 
finite-size corrections to the anomalous dimension of operators with small J in this limit. 



Contents 



|l]. Introduction 



Folded string quasi-classical quantization from Algebraic Curve 
|2.1| Classical solution 
2^ Off-shell fluctuations 



2.3 One- loop shift 

|2.4] Short operator limit 

|3|. The l/\ogS corrections for the long folded string 

The one-loop corrections for the long string from algebraic curve 



3.2 The wrapping corrections from the Y-system 







11 

m 

14 



|A] . Simplified form of the one-loop integrals 



18 



- 1 - 



1. Introduction 



In the last decade, enormous progress was made in computing the spectrum of conformal 
dimensions of the A/" = 4 SYM theory in the planar limit, which by the AdS/CFT cor- 
respondence ||l], 0, ^ is also the spectrum of strings moving in AdS^ x 5^. This progress 
was made possible by the discovery of integrability @, ^, ^, 0, H], ^ (also see review |10| 



for further references). The conjectured asymptotic Bethe ansatz equations [11, 12, 13 1 
(also in the review cited above) interpolating between weak and strong coupling allowed 
to perform refined checks for operators with large charges. During the last few years it 
became clear that the exact solution for operators with finite charge is given by the Y- 



system |14, 15, 16, 17, 18]. At strong coupling the Y-system was successfully tested in the 
quasi-classical regime |jl9|, |2^. The leading weak coupling correction from the Y-system 
1 14] agrees with direct perturbative computations ] pl| , The 51oop corrections are equiv- 



alent lp3, 24, E5[ to the Liischer corrections Eq, E^] and also consistent pq, \29l, pOT with 



the constraints from the BFKL equation 



In ]14] the Y-system was combined with the vacuum TEA equations to produce an 
infinite set of integral equations for the sl{2) part of the spectrum which were then solved 
numerically for the simplest nontrivial Konishi ]^^ operator. This method allowed to 
find the anomalous dimensions of short operators in a completely nonperturbative fashion 
starting from zero coupling and up to a relatively large value of the 't Hooft coupling A. For 
extremely large A's the numerical solutions become very slow, the largest value of A reached 
up to now is about 2000 It is however possible to extrapolate the numerical results 
and obtain the strong coupling expansion of the anomalous dimensions. The prediction 
obtained in ]^2| for the Konishi anomalous dimension 7 is 

7 + 4 = 2.0004Ai/^ + 1.99/A^/^ . (1.1) 

The leading coefficient agrees with the prediction of [^ giving 2. This was also confirmed 
in a recent paper ]55|. The sub-leading 2 was in disagreement with the calculation of 



]36] which appeared nearly the same time with ]32]. In 1 37] it was discussed that this 
disagreement could be attributed to singularities which might change the integral equations 
at some large values of the coupling constant. In the present paper we confirm analytically 



the prediction (1.1) and solve this long standing discrepancy. 

The strong coupling limit for the short operators looks very difficult to address both 
within the integrability and the perturbative string theory approaches. Although it is at 
least possible to define the set of equations to be solved using the Y-system, it seems rather 
hard to perform strong coupling expansion of these equations. At finite coupling the Y- 
functions appear to have a complicated analytical structure [^], which can be already seen 
from its asymptotic solution |lj]. It is likely that in general they have infinitely many cuts 
and in the strong coupling limit these cuts merge into each other. 

On the string side, the semi-classical approach typically demands that the conserved 
charges scale as the coupling constant. For the case of the spinning folded string the two 
charges, the Lorentz spin S and R-charge J, should scale in such a way that the ratios 
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remain fixed. The expansion of the energy is of the form 

E = ^ + S + J = ^Eo{S,J)+Ei{S,J) + ^E2{S,J) + ... . (1.2) 

V A 

Then, in order to approach the short operator regime we re-expand the result in the limit 



when S", J ~ 1 and thus S ^ J ^ 1. As it was pointed out in |36| the expansion above 
reorganizes into a power series of the type 

^ = Ai/% + ^a2 + ... , (1.3) 

where only the classical energy Eq contributes to the first coefficient ao and both Ei and 
£"0 contribute to the coefficient 02. Thus with some caution one may assume that the short 
strings with 5, J ~ 1, which are in principle deeply quantum states, still can be reached 
using the quasi-classical methods. In this way, the complications with the direct treatment 
of the Y-system can be escaped. In this paper we compute the first two coefficients in the 
expansion ( |1.2D using the algebraic curve quantization procedure for an arbitrary S and 
J (see ||3^ for more details). What we found from our expressions for Eq and Ei is the 
following expansion 

+ (1,4) 

Notice that this procedure is very straightforward and is free from any ambiguity. What is 
important is that we do not get any logarithmic terms which would signal order-of-limits 
problems. From the ABA we know that the Konishi state in the sl{2) sector is given by 
S = J = 2. Substituting these values of the parameters we indeed obtain a result consistent 
with the prediction of [5^ (|1.1D. In order to rule out an accidental coincidence of our result 



with that of 1 32] in the case of the Konishi operator, we also made a comparison of our result 
(|l.4| ) with the numerical data obtained by (3^ for another similar state, with S = 2 J = 3. 

The limit of short strings would not be the only case when the analytical continuation 
of the algebraic curve results gives reliable results in regions where the Liischer corrections 
are large and the Y-system is difficult to handle analytically. Another example, which is 
treated in the second part of this paper, is that of the long strings with large Lorentz spin 
S and small twist J = i4g\og S. It is well understood that this case can be obtained from 
the generic two-cut solution in the sl{2) sector 0, ||, |3| 

E{i,S) = (VA/o(^) + h{i) + ^/2W) log5 + • • • • (1-5) 



The leading logarithmic scaling is a generic feature in gauge theories 1 44 , 45 , 4f: , and 



the coefficient of log 5 is the so-called generalized scaling function. The functions /o(^), 



/i(^), /2(^) were derived explicitly in [gO| , [gO|, |l|, ||] , |4|, |4|, |4g] respectively. It happens 



that all the three coefficients have a well-defined limit at i = and that in this limit 
they reproduce correctly the strong coupling expansion of the cusp anomalous dimension. 
In particular the i = result obtained in this order of limits coincides with the solution 



-3- 



obtained [|^, 52, 53, 54, 55, 56 1 via the BES equation |T^, 57], which supposes J = 2 
and S large and then 5 — )■ oo. A recent review of this subject appeared in [ ^ . 

In this paper we also revisit the computation of the classical and one-loop energy for 
the long string both from the point of view of the algebraic curve and the Y-system, having 
in view the finite size corrections. We obtain results for all orders in 1/ log S and we neglect 
terms of the order log 5/ S and higher. At ^ = the result is particularly simple^ 

o T . A 25 A 31og2^ 2S 61og2 ^ 5tt , , 

E,=Q = S+J+Ag log 1 ^log — + ^^ + 1- +0{lg) 1.6 

\ g J -n g IT 12\og[2S/g) 

The sub-leading part in log S is the so-called virtual scaling function computed in Is^, ^ 



while the l/logS" part agrees with the results in [61, 62, 63]. In [£3| the last term in ( |1.6| ) 
was given the simple interpretation of contribution of massless excitations propagating on 
a string of length L = 2 log S, with total result: 

vr 

6E1 = X (number of massless modes). (1-7) 

12 log D 

The massive modes lead to correction of the type e"™'^, where m ~ ^ and L = 2 log 5; 
these contributions have to be summed up properly in order to reproduce the massless 
limit. 

In our computation, the four massive mode contributions come via the wrapping cor- 
rections. From the Y-system point of view, this part is constituted by two contributions 
(virtual particle contribution and back-reaction of the roots) which become separately di- 
vergent when £ — )• 0. The algebraic curve computation does not see any divergence, and 
this may be compared to the particularly smooth behavior of the algebraic curve prediction 
for the short strings. 

Finally, the contribution of the massless mode comes via the asymptotic Bethe ansatz. 
This might seem surprising, since at finite coupling there are no 1/ log S corrections for 
the twist-two operator J = 2, just the (log 5')'^ term |64, This is obviously due to the 



different order of limits which are considered and might be explained by the fact that the 



bosonic modes of the 0(6) sigma model 68] acquire a dynamically generated mass 

at finite coupling.^ 

In conclusion, the algebraic curve method is a very reliable and efficient tool to obtain 
the one-loop results for a various range of string solution and seems to be free of some of 
the difficulties inherent to the direct treatment of the Y-system at strong coupling as well 
as from the ambiguities of the direct worldsheet quantization. The algebraic curve method 
may serve as a starting point to understand the behavior of the Y-system at higher loop 
order. 

The plan of the paper is as follows. In section 2 we present the essential data for the 
algebraic curve which is necessary to derive the one-loop energy for the folded string at 
arbitrary S and J^. In subsection 2.4 we specialize to the operators with S and J finite, 
including the Konishi operator, and we compare the result with the available numerical 



^Here we use the alternative notation g = ^/X/Atv. 

^We have been informed by B. Basso that this aspect wiU be investigated in |69 
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predictions. In section 3. we compute the spectrum for the long string to one loop, first 
from the algebraic curve and then from the Y-system. 



2. Folded string quasi-classical quantization from Algebraic Curve 

The algebraic curve method is one of the most advanced ways of computing the semi- 
classical corrections in the AdS/CFT correspondence. The method is heavily based on 
integrability and is naturally free from the usual perturbation theory ambiguities. Some of 
these ambiguities are listed in Appendix E of Some of the question raised there were 
recently explored in more detail in 

The method of the quasi-classical quantization was recently very pedagogically de- 
scribed in the recent AdS/CFT integrability review chapter were more references can 
be found. We will adopt the same notations here. 



2.1 Classical solution 

The only input needed to proceed with the quantization is a set of quasi- momenta pi, pi, i = 
1,2,3,4 which constitute the algebraic curve. The folded string solution corresponds the 
curve with two symmetric cuts with real branch-points ±6, =ba such that 1 < a < 6. The 
explicit form of the quasi-momenta depends on the twist J and the Lorentz spin S can be 
constructed using the methods of 17^, U, 73 1. What one finds are the following expressions 



J f a X \ / (a2-l)(62-x2) 

P^-"""^ 2g[a^-l - I ) \ {b^ - l){a^ - x^) 

^ 2abSFi{x) ^ J{a-b)F2{x) 



g{b-a){ab + l) 2g^ {a? - l){b^ - 1)' 

The integer n (the mode number) is related to the number of spikes and g = All 
the other quasi-momenta can be found from the standard symmetry relations for the sl{2) 
sector 



p^(x) = -p^{x) = -pi(l/x) =p|(l/x) , (2.2) 
p^(x) = -p^{x) =Pi{x) = -pi{x) . (2.3) 

The functions Fi{x) and F2{x) can be expressed in terms of the elliptic integrals: 



\^ V {b + a){a + x)\a-b)^ 

1 lib- a){a - x) (a + bf 



F2{x) = iE I zsinh 



+ a){a + x) (a- by 
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The branch points a, b are fixed once S and J are specified by the following equations 

J = (l - v'(»^ - - 1) . (2.5) 

Then the classical energy can be computed from 

In this way we get the classical energy of the generalized-folded solution as a function of S 
and J. 

It is important to notice that there is no question about identification of the operators 
corresponding to this classical solution in the framework of the algebraic curve. The alge- 



braic curve was mapped to the Asymptotic Bethe Ansatz in 74]. The super Yang-Mills 
operators at one loop are in one to one correspondence with the Bethe ansatz solutions 
up to a global bosonic symmetry action. Thus we can identify the class of operators we 
consider here. It is a subset of tr(D'^Z"^) + perm. Basically, since we use the algebraic curve 
formalism, we know automatically the whole set of conserved charges which provides an 
exhaustive information about the state. In particular this set includes the Konishi opera- 
tor when J = 2, S = 2 and the mode number n chosen to be n = 1 as it follows from the 
one-loop spectrum at weak coupling. 

2.2 Off-shell fluctuations 

An important feature of the algebraic curve quantization is that one can work with the 
off-shell fluctuation as it is described in detail in [^^. The off-shell fluctuation energies as 
functions of the spectral parameter x are much simpler than the usual fluctuation energies, 
usually obtained in the world-sheet quantization procedure, which are functions of mode 
numbers. The former should coincide with the later when evaluated at the special points 
of the curve given by 

m{xi^)-Pj{x'^) = 27rk . (2.7) 
In general one has to compute 8-1-8 different off-shell energies corresponding to the number 



of the physical world-sheet degrees of freedom. However as it was shown in [75| in the rank 
one sectors one can express all of them in terms of just two, il^^ and Q"^^: 





[x) 


= -n^^{l/x)-2, 






n^^ 


[x) 




(x) = In'Hx) 


- 

2 


(l/x) - 1 , 




[x) 


= n^'^ 


{x) = n^\x) = 


n^^{x) 


2 ^ 




[x) 




[x) = n^Hx) = 


n^^{x) 


2 ^ 




[x) 


= 1^24 


{x) = n^\x) = 


n^^{x) 


= n^~\x) . 



2 ^ 
2 ^ 
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Since we are considering the s/(2) sector, the fluctuation energies in should be trivial 
and can be written down immediately: 

ab — 1 — 1 

Calculation of ri^^(x) is a little bit more involved. However the steps one should follow are 
exactly the same as in ||7^ and we simply give the result here 



where y{x) = v^ar^^v^(rT2;Vx"^-^v^6-i-~x. 

For the analytical properties of these fluctuation energies see [75|. 

2.3 One-loop shift 

In the previous sections we prepared all necessary ingredients needed for the one-loop 
corrections to the classical energy. As we mentioned in the previous section the usual 
excitation energies, typically used in the worldsheet calculations, can be obtained from the 
off-shell fluctuation energies Q^^{x) by setting x to the value given be the equation ( ^?^ ) 
and then sum over all polarizations (ij) and all mode numbers k. Doing this explicitly 
is almost impossible for the given quasi-momenta. The standard way to overcome this 
difficulty is to rewrite the sum as an integral (see, for example, ||7^). For precise contour 



description see, for example, |7C]. 

£ = ^^^(-l)^- (l^'^(x)5.1ogsin^i^) . (2.11) 



Here Fij is the fermionic number: Fij = for bosonic polarizations and Fij = 1 for 
fermionic. The term dx log sin ^' has the poles at the solutions of (p.Tj) . The contour of 
integration encircles all the possible fluctuations x^^ . This result is already explicit enough, 
however it is instructive to deform the contour into the unit circle (for each (ij))- During 
this contour deformation we can get two types of terms: 

• Contribution from the integration on the unit circle for each polarization (ij); 

• Additional contribution from the cuts of the classical solution. Only the term with 
(ij) = (23) gain such contribution. 

It is also convenient to use the variable z instead of x: 

X = z + ^/z'^ - 1, (2.12) 

which maps the unit circle |x| = 1 onto the interval z G [—1,1]. Also we can split the 
logarithm in two parts: 

log sin ^ = '-^^^ + log (l - e-(^--^)) . (2.13) 
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which holds up to some irrelevant constant. In this way we split the finite size efi'ects from 
the asymptotic contribution. Indeed, for z G [—1,1] e~*^^'~^-''^ is exponentially suppressed 
for large J. Substituting this into ( |2.11| ), we get two terms, bE\ and bE2: 



1 



bE, = J2i-lf^^ I ^ (n^z) d.'-^^^ ) , (2.14) 



2TTi 



1 

5^2 = 5](-l)^- / ^.(n'^{z)dAogil-e-'^^-P^y)). (2.15) 

One should take in account the contribution which we get by deforming the contour, which 
encircles the cuts [—6, —a] and [a, 6]. This contribution can be written as 

5E^ = --^ f'' —^^d^\ogs\np.. (2.16) 



where we use (|2.2D, (2.3). The one-loop shift is then given by 

^i-ioop ^ ^ j_ _ (2.17) 

In Appendix ^ we further expanding these integral using the relations between frequencies 
with different polarizations (ij). 

2.4 Short operator limit 

In this section we will exploit the explicit exact result for one-loop applicable for arbi- 
trary J,S ^ g which was derived in the previous section. These formulae involve a single 
integration and they can be evaluated numerically for various values of parameters. 

The analytical evaluation of these integrals in general is not straightforward. In some 
limits, however, the integrands could simplify considerably so that the integration can be 
performed analytically. In this section we will consider one of such limits, namely we fix 
the ratio r = J/S and then expand the result for small S/g. We will then motivate the 
relevance of this limit for the Konishi operator as well as for the similar type of operators 
with very few fields. 

This limit is not completely trivial, the reason being that the algebraic curve becomes 
singular in this case: both positive branch points a and b approach the pole at x = 1 as it 
can be easily seen from (|2.4D and (|2.5|). We denote 



J2S/^ J 

where \/A = 4:TTg. In these notations the expansion of (2^) and (|2.5| ) gives 



(2.18) 



2 2 4 4 



9^2 _^ 22r4 - 4r'5 



l + -s^ + - -s^ + —s^- - —s' + ... , (2.19) 

8 128 128 4096 ^ ' 

o 7 + r2 ^ l-r^ , 85 -34r2 + 2r^ . 

l + 2s + 2.2 + __s3_^_,4 _ ^5^^^^ (2.20) 
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The classical energy gives 



A , 3 + 2r2 3 21 - 20r2 + 4r^ 5 .7. 



n 



s + ——s^ -— + O (.^) + . . . . (2.21) 



V\ 16 512 



We consider in some detail only the evaluation of 5Ei and then give the result for the 
others integrals. In what follows we restrict ourselves to the case n = 1. In general, the 
expression for 5Ei can be written conveniently as it is shown in App.^ 

5Ei = -- C Im (d^^{z) - n^^{z)) Im {p'^{z) - p'^{z)) dz . (2.22) 

First, assuming z — 1 ~ 1 we expand the integrand to get 

^ 2z2s 



(z2 - 1)2 



dz + ... . (2.23) 



Apparently the integral is divergent close to z = 1. This divergence should be canceled 
when the integrand is treated more accurately for small z — 1. There are two important 
scales when z approaches 1: when one zooms close to the branch point b which scales as 
then z = 1 — s^C, and when one further zooms so that we can distinguish the smallest 
branch point a from 1 i.e. z = 1 — s^^. For each of these scales the integral is divergent, 
however, when all the three regions are combined together the divergences must cancel. 
What we get for 6E1 is 

2 

T S S 

5Ei^ -s\og—--. (2.24) 

The contributions 5E2 and ^£'3 can be computed similarly. The results for these contribu- 
tions are 

5E2^ slogs + CIS, (2.25) 

T S S 

5^3 - s logy + - -CIS, (2.26) 

where the constant ci ~ 0.0203628454. Notice that there are various log divergences which 
all cancel when the terms are combined together and the final result is very simple^ 

^1-ioop ^ ^ ^ ^ __ ^ _ v_ _ ^2.27) 

In fact this result was previously obtained by us numerically with only two digits precision. 
This unpublished result was already used in ||36[] for the Konishi operator. The main 
difference with [ p6[ is that we do not assume that J = 0, instead from the point of view 
of algebraic curve and its relation to the ABA it is rather obvious that one should take 



J = 2 for Konishi operator instead. Here we follow the approach of [36] with this small 



^In order to get the ABA result with Hernandez-Lopez phase one should drop the 5E2 contribution. In 
this case one would get —slogs ~ jjt^ log A divergence. Exactly this divergence was indeed observed in 
|fr7| for the Konishi anomalous dimension (5* = 2, n = 1) computed in the ABA framework. 
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modification, which, however, changes the result considerably''. Now we simply combine 
the classical energy (p^ ) and the one-loop result (|]2^) to get 

1 2J2 + 5(35-2) 



^classical _|_ loop 



(2.28) 



Ai/4 4^ 

The contribution to the first term comes solely from the classical energy, whereas both 
classical energy and the one-loop energy contribute to the second term. It is very tempting 
to assume that this pattern will continue further and in order to find the contribution to 
the next term one should also compute a two- loop correction^. 



11 h 
10 
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• Numerical data 

2A1/4 

— -2AV4 + i3/(4a1/4) 

1 1 1 
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Figure 1: Numerical results from the Y-system for J = 3, 5* = 2, n = 1 compared with our 
analytical strong coupling expansion (]2.2S|). Here as everywhere in the paper A = IGir'^g'^. 



The equation ( 2.28 ) produces an infinite set of predictions which can be verified using 
the Y-system numerical approach proposed by [02|. 



For the Konishi state the prediction is already available |32]. To compare one should 

(2.29) 



substitute 5 = J = 2 as we discussed above. Eq ( 2.28| ) produces 

2 



^ classical ^ ^ 1— loop 



S=2,J=2 



+ 



Ai/4 



in the perfect agreement with the Y-system prediction of |32]". 

A natural question one can ask is whether this prediction is going to be correct for 
short operators other than Konishi. To address this question we consider an operator 
similar to Konishi, with J = 3, 5 = 2, which we denote as (3,2,1). From (|2.28| ) we see 

that our prediction produces 

^Almost simultaneously with us this point was also realized by A.Tseytlin according to our private 
communication. 

''Strictly speaking this result holds assuming no non-perturbative terms contribute and that at each loop 
level the contribution can be represented as a regular series in s vanishing at s = 0. 
^It is also compatible with the recent numerics with slightly higher precision |33|. 
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^(3,2,1) ^ 2A1/4 + 



13 

4AV4 



(2.30) 



We compared this result with the prehminary numerical 
data shared with us by the authors of |Q (see Tab.|l]). 
As one can see from Fig.||, our analytical results per- 
fectly match these numerical points^. 

3. The 1/ logs' corrections for the long folded 
string 

In this section we derive the finite size corrections for 
the regime when S is large and J = AgH. log S with i 
finite. The corrections are obtained by computing the 
three integrals ( 2.14 )-( p.l6| ) (subsection "iA) and in an 



a 


A 


a 


A 





5 


0.9 


7.6632 


0.1 


5.0777 


1.0 


7.9794 


0.2 


5.2883 


1.1 


8.2848 


0.3 


5.5854 


1.2 


8.5801 


0.4 


5.9275 


1.3 


8.8661 


0.5 


6.2868 


1.4 


9.1436 


0.6 


6.6456 


1.5 


9.4129 


0.7 


7.0023 


1.6 


9.6752 


0.8 


7.3354 


1.7 


9.9308 



Table 1: Konishi-like operator 
with J — i. The full dimension 
A = ^anom + 5- + J for various val- 
ues of g. Numerical data by |^ ob- 
tained with a new exact truncation 
method |Q. The numerical abso- 
lute error is about ±3 x 10^'*. 



alternative way by using the Y-system at one loop de- 
rived in (subsection |3.2| ) . We obtain the corrections 
at arbitrary order in 1/ log 5", and we neglect all the in- 
verse powers of 5, as well as the logS/5 terms. As a byproduct, we are re-deriving the 
known results for the generalized scaling function up to one loop |41, |4^, as well as the 
virtual scaling function [^] to the same order. The computations are done for arbitrary 
but of course the formulas greatly simplify for the GKP limit i = 0. In this limit, the 
energy is given by 



/ 25* 

Ee=o = S+J+4g log — 

V a 



1 



31og2 25 61og2 
log \ hl- 

TT g TT 



5tt 



■+0{l/g) . (3.1) 



12 log (25/5) 

The (logS")*^ part is in agreement^ with |58, 30, 81, |6^, while the l/log5 part agrees with 

-57r/121og5 term can be interpreted as coming from the 

At £ / 0, four of these 



the results in |61, 62, 63]. The 

finite size corrections associated to 5 massless bosonic fields 
bosonic modes are massive, and their contribution is captured by the wrapping corrections. 
The fifth mode is massless, and it contributes via the anomaly term in the asymptotic 
Bethe ansatz equations. Although at weak coupling the asymptotic Bethe ansatz yields no 
I/logs' corrections for the twist-two operator J = 2, |65|, at strong coupling the situation 
is different. This can be attributed to the different order in which the limits S" — t- oo and 
g ^ oo are taken. 

3.1 The one-loop corrections for the long string from algebraic curve 

In the limit of the long string 5" — )• oo, the endpoints ±6 of the cuts of the curve go 
to infinity and the solution becomes effectively one-cut. The expression for the charges 
(|2.4|)-(|2.6|) simplify and, up to negative powers in S, we have 



S_ 
2^ 



b, 



J 



\/ a"^ — 1 log 



2S_ 

ag 



A 

2^ 



S , 2S 
— + alog — . 
2g ag 



(3.2) 



''Let us also mention that our result (2.25 ) for J = 4, S' = 2,n=l gives 2A^''* + 5/A^^* which seems to be 
consistent with some of the preliminary numerical results reported in even though no solid statement 
was made there. 

*The term 6 log 2/7r + 1 was previously known by one of us, see the note added on pg. 24 in js^. Please 
refer to the current paper for this coefficient. 
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In particular, we notice that the parameter (. = J/4:g log S is related to the position of the 
endpoint a of the cut by 

There will be trivial l/log5 terms coming from this relation between i and a. After some 
manipulation, the elliptic functions reduce in the large spin limit to simpler functions and 
the quasi-momenta (2.1) become 



x\/ cP- — x"^ , la — X 



p^ix) = , ^ 4arctanW , (3.4) 

p^ix) 



2gx^-l 



The off-shell frequencies (2^) and ( 2.10 ) are given in this limit by 



n''' = ^-^^^, n'^ = ^-^^4^- (3-5) 

a x^ — 1 a x^ — 1 

With these data in hand we are able to proceed to the computation of the three integrals 
giving the complete one-loop contribution to the energy. The easiest part to compute is 
6E2, which can be reduced to 

"» Ji VI - " 

The following two representations of I{a) are particularly useful: 

00 . 

I{a) = - y —Ki (na) (3.7) 
^-^ nir 

71=1 

27r a / , /a\\ 1 (-1)'=C(2A: -M)r(2/c -M) ..,1 

= -■fa + ^ + 2^ (^^'^ - ' + ^'""^ (4^)) + nUim i m^f " ■ 

From the first representation^ we deduce that at large a, X{a) ~ e~"/-^/a, so for finite 
£ the associated finite-size corrections vanish exponentially. The second representation in 
( |3.7| ) is useful in the small I regime, where it gives^" 

^/l + P 12 log 5 



In the 0(6) language, Ipq] , |l67[| , this is the correction coming from four of five bosonic 
modes which are massive at finite J (hence exponential suppression at large a) but become 
perturbatively massless in the limit ^7 — >• 0. 



®A similar representation was obtained by B. Basso 

^"Note that (3.J) appears only for ^log^ ^ 1 which practically corresponds to J7 — >■ limit prior to the 



large S limit. 



- 12 - 



The other two contributions to the one-loop energy are 



4 dy V«2^^ - ^/^2T7T 

6Ei = — / —Im-^ 2 ^ OylmGoiy) 

« Ju+ 2vr y^-l 



SE3 = -- I — _^ p cothp , (3.9) 



where we have denoted p = 1^2(2/ + *0)i Go{y) = ^2(2/) ~ ?'2(y) ^'^'^ ^^^^ contour C/+ is the 
upper half of the unit circle running clockwise. The last term can be split naturally into 
two parts 

5E3 = 5Es,^^ + 5Es,m. (3.10) 

The anomaly-like term J-Es^an contains the finite-size corrections associated to the fifth 
bosonic mode, which remains massless for arbitrary i 



5^3,an = -- r ^^^^^^p'icothp - 1) = ^ + ^(l/log^ S) .(3.11) 

aJa 27r y^-1 12(1 + ^^) log 5 

This is exactly the contribution of the only at ^7 7^ massless mode identified by Giombi, 
Ricci, Roiban and Tseytlin []63| . A more refined evaluation of the anomaly part, up to 
log S/S terms, can be straightforwardly done using 



6E,,^^ = ^f(-H0)^-^^ + O{logS/S) with fip) = -A VV(P)^^ (3_^2) 
^ 2" air y^{p) - 1 

The remaining two contributions 5Ei and (5 £"3,111 reproduce the results already existing in 
the literature 0, |4|, ||, |4| with 



4 dy Jy"^ - a? , a - io? + 1) arccoth a 25 4 arccoth a . . 

SEs^m = — / 7, 2 = log ^ (^-l-^) 

a Ja 27r y — I an ag air 



and 



5E, = -'-[ ^Im ^^^-f^ dylmGoiy) 
a Ju, 27r - 1 



avr 

At ^ = we get as expected 



^ + 1) arccoth + 2a^ log(l - a"^) _^ ^ 25" 

log — 

avr ag' 

— (4aarccota - 4\/a2 - 1 arccot Va^ -1 + 2 log(l - a"^)) (3.14) 



6E, + SEs,^ = log ^ + ^ + 1 . (3.15) 
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3.2 The wrapping corrections from the Y-system 

As it was shown in [^], exactly the same results which were obtained in the the previous 
section can be alternatively obtained directly from the Y-system, without reference to the 
algebraic curve. In this subsection we give such an alternative derivation. We find it 
instructive to identify the origin of different corrections from the point of view of the Y- 
system, and this exercise may shed some light on the relation between the two approaches. 

According to []l9| the one-loop wrapping correction to the energy can be computed in 
terms of the following object 

(/A- 1)4(/A- 1)4 , . 

■^° = ^°^(A-lW/A-im^A-l)(/2A-l) ^'-''^ 

where 

f{z) = exp {-iG{x{z)) , f{z) = exp {+iG{l/x{z)) , A = exp ( -—-^=] (3.17) 



and G{x) is the resolvent 



S 1 ^2 



G{x) = -y— (3.18) 

^ ^ g ^ X - Xi x^- - 1 
j=i J J 

The expression of the energy at one loop, including the finite-size correction, is 

J^x'] + l dz z ^ . , ^x'] + l dz 1 
E=y^ +/ d^Mo = > ^ / — tt-ttkMo- 3.19 



The integration is done in the mirror regime, with x{z) = z + — z"^. The second 
term in ( 3.19 ) is given by the contribution of the virtual particles circulating along the 
circumference of the system and which scatter with the magnons with rapidity Xj. We 
are therefore going to call this term the virtual particle contribution. In finite volume, the 
positions of the Bethe roots Xj are slightly shifted from their infinite volume positions due 
to their interaction with the virtual particles; we are going to call this efi^ect backreaction. 
In the one-loop limit, the backreaction can be taken into account |jT^ by adding an extra 
potential term to the Bethe ansatz equations, which become 

27rn = p{x + iO) + p{x - zO) + a{x)p' {x) cotp(x) + V{x) (3.20) 

M 1 

- / dz{r{x,z)M+ -r{l/x,z)M- +u{x,z)Mq) 

k=i -^-1 



with 



J X 1 

P{x) = t; 9 7 + G{x) and a{x) = . (3.21) 

— 1 5 — 1 

The effective potential in the second line of ( |3.2[l| ) is given in term of the kernels 



r{x,z) = — — -, u{x,z) = — ^— , (3.22) 

— 1 2Trg X — x{z) x^ — 1 2TTg x^(z) — 1 
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and the functions 

By inspection, the imaginary part of the resolvent G{x) in the mirror regime is always 
negative with Im G{x) ~ — log 5, so that we have 

A^o - -4 log(l -A)-A{f + p + 2/7-4/ - 4/) = -4 log(l - A) - AAR{R - 2) , (3.24) 

where R = exp(Im G{x)) cos(Re G{x)). The last term in A^o is suppressed by a negative 
power of S. The only region where R can be close to 1 is x ~ 1, but in this region it is A 
which is exponentially suppressed. We conclude that the correction to the energy due to 
the virtual particles is 

dz 1 



with T{a) defined in ( |3.6D and ( p.7D . It is interesting to note that the virtual particle 
correction is singular when £ — )• 0, and that this divergence will be compensated by the 
backreaction of the roots. It is likely that such a phenomenon happens whenever the end- 
point a of the cut approaches the singularity x = 1. In particular (logarithmic) singularities 



appear for separate Ei terms in the small 5,^7 limit, see section 2.4. A similar effect is 
observed when /2(^) (see (^)) is expanded at small £ |43]. This partially reflects the 
complicated analytical structure of the Y-system. 

Let us now compute the backreaction term, i.e. the second line in the BES equation 
(3.20). The contribution from M± is vanishing again as a negative power of S. The term 



containing M.o is simply 

Let us remind that at the leading order the asymptotic Bethe ansatz equations are written 
as 

27rn = Go{x + iO) + Go{x - iO) + 2Vb(x) (3.27) 

with 



2^o(x) = = mogS^^ (3.28) 

g x^ — 1 x'^ — 1 



and Go{x) a function analytic everywhere except of the cuts on the intervals (— oo, —a) U 
(a, oo). We conclude that the only effect of the backreaction at one loop is to renormalize 
the coefficient of the potential term and therefore to renormalize £ by a one-loop quantity 

£^i = e+^M^^i (3.29) 
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To fix uniquely the solution of the leading order equation ( 3.27| ) we have to supply the 
asymptotics at infinity for Gq{x). This is a little bit tricky if we have sent the endpoints 
of the two cuts (—6, —a) and (a, b) to infinity first. A straightforward procedure is to solve 
the equation (3.27) for finite b (see |41]), imposing that Go(x) ~ 1/x at x — t- oo and then 
take the limit of infinite b. The result of this procedure would give Go{x) = p^l^) ~ P2i-^) 
with P2{x), P2{x) from (p.l|). An alternative is to work directly with 6 — )• oo and impose 
the same asymptotics for Go{x) as in the weak-coupling, one loop limit [S2| 

Go(x) ~ 2ilog(5/5x) for x ^ oo - iO . (3.30) 

The solution to the equation ( |3.27 ) supplemented with this condition at infinity reads 




Goix) = -x^ (t> — - 4arctan \^—^ (3.31) 



4arctan4/ , (3.32) 

V a + x ^ ' 

where in the first line the contour of integration C encircles the cuts (— c«, —a) U (a, c«) 
and can be closed at infinity counterclockwise. The value of a is fixed by the asymptotics 
at infinity (3.30) and it yields the same condition as (|3.3| ) 

J 



The anomalous dimension at leading order is given by 

I dx 2 Go(x) J ( r- -\ 4(7 

iTTi x^ — 1 a[x) yja^ — 1 V J a 

= 4g log S(y^l + e^ -i) + 0((log Sf) (3.34) 



with the integration contour running counterclockwise around x = 0. Now we can estimate 
the one-loop correction from the backreaction due to the shift £ ^ £ + 5£ from equation 

(ig), 

6Eb = Ag log S 6 (^VT+P - ^) = -X(2^1og S) + ^^ ^^^^^^P ^^'^^^ 
The one-loop wrapping corrections are then given by: 

5E^ = 6E,+6E, = ^^^^^^^ = -,^^ + omogS)\og{£\ogS)) (3.36) 

VI + £^ 12 log S 



and they coincide with the contribution of the four massive modes 5E2 (|3^ 

The wrapping corrections give the 1 / log S corrections corresponding to only four of 
the five bosonic modes. To find the fifth one we are going to solve the one-loop equation 
for the resolvent 

= Gi (x + iO) + Gi{x- iO) + 2Vi (x) (3.37) 
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with 

2Vi (x) 

-J^ = V{x) + aix)p'oCotpo , poix) = Go{x) + Voix) . (3.38) 

Here a{x)pQCotpo is the so-called anomaly term and V(x) is the Hernandez-Lopez phase 
with integral representation |76] 

Ju+ 2tt \x-y l/x - yj 

where the integral is taken clockwise on the upper half of the unit circle U+. The solution 
to the one-loop equation can be again written in an integral form l4^, H2|] 



O.W=/^7^^^3. (3.40) 

Jc 27n [x - y) Va^ - x^ 

The one-loop correction to the energy is given, similarly to the leading order, by 

_[dx2Gi{x) 2 r dy - y2 

JQ Z^liL X ti ^liL (J 



Substituting the value of the potential Vi{x) we retrieve the contributions ( |3.9| ) from the 
algebraic curve computation 



aJa y - ^ « Ju+ 27r y-1 

5Ei + 5E^ . (3.42) 



This result confirms that the asymptotic Bethe ansatz contribution is captured by dEi+SE^^ 
and that the wrapping corrections are reproduced by 5E2. 

Conclusion 

We have computed one-loop correction to the energy of the folded string in the limit of large 
angular momentum in AdS^ and on the sphere, by using the algebraic curve method and 
alternatively the Y-system method. By extrapolating the results at small angular momenta, 
we obtain predictions for the first few coefficients in the strong coupling expansion. The 



result confirms the numerical prediction from the Y-system for the Konishi operator |32| 
and more recent numerical results for similar operators [^] . In the limit of large Lorentz 
spin and small R-charge, we have computed the corrections to the logarithmic scaling and 
in particular we have reproduced the 1 / log S corrections obtained in 33 1 . 
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Note Added 

While we were preparing these results for publication we became aware that the authors 
of p^] also found a way to correct their previous result concerning the Konishi dimension. 



This will be published in |83]. A different approach to compute analytically the Konishi 



dimension in the pure spinor formalism was developed in |84[| . 
Note Added for v4 

We restrict the discussion of short operators to the case n = 1. The case n > 1 may 
require a further consideration. We thank Matteo Beccaria for discussing this point. This 
restriction does not affect our main conclusion about short operators - the agreement with 
available numerical solutions of TBA. 

A. Simplified form of the one-loop integrals 



Using symmetry relations (|2.2[) , ( ^.31 ) (|2.8| ) , one can rewrite sums 6Ei and 6E2 through the 
functions pgl^)' 1^2 (^)' ^'^'^{^), f^^^(x) defined above. 

Let us consider for example the set of polarizations which belongs to the S^. As we 
already have seen, all the frequencies are equal to O^^(x). So our sum in dE2 simplifies 
drastically and gives 



1 

5Et = 4 / -Im 



vr 



023(z)a^log(l-e-2*P2W) , (A.l) 







which exactly coincides with the expression (p.6|). 

One can easily show that all the contributions in 5Ei^2 can be very naturally summed 
up in a pretty nice way: 



1 



dz 



6E1 = 2 J —lm{p2 - P2)dzlin{n^-' - Q^^), 






(l_e-2iP2)2 

(1 - e-2'P2)(l - e''P2+iP2)' 



(A.2) 



(1 _ e-*P2-«P2)2 
Here for shortness we denote p{z) = p{l/z). 
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